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STAR CONFIGURATIONS IN P'^ 

A. V. GERAMITA, B. HARBOURNE & J. MIGLIORE 

Abstract. Star configurations are certain unions of linear subspaces of projective space. They 
have appeared in several different contexts: the study of extremal Hilbert functions for fat point 
schemes in the plane; the study of secant varieties of some classical algebraic varieties; the study of 
the resurgence of projective schemes. In this paper we study some algebraic properties of the ideals 
defining star configurations, including getting partial results about Hilbert functions, generators and 
*vj i minimal free resolutions of the ideals and their symbolic powers. We also show that their symbolic 

powers define arithmetically Cohen-Macaulay subschemes and we obtain results about the primary 
frt ' decompositions of the powers of the ideals. As an application, we compute the resurgence for the 

ideal of the codimension n — 1 star configuration in P" in the monomial case (i.e., when the number 
of hyperplanes is 71 + 1). 

(N 

r»n ■ 1. Introduction 

■^ I A star configuration of codimension c in P" is a certain union of linear subspaces Vi,...,Vi 

(-? ■ each of codimension c. These have arisen as objects of study in numerous research projects lately, 

including O O O [71 [TUl ISl EI] , but these references make use of only a partial understanding of 
the properties of star configurations. Thus it is of interest to understand them better. 

Here we study powers and symbolic powers of ideals of star configurations in P*^ (over an al- 
gebraically closed field of arbitrary characteristic). Since the subspaces Vi are distinct with none 
containing any of the others, and each is a complete intersection, the mth symbolic power of the 
ideal I of the star configuration is I^""^ = liVi)"" n • • • n /(Fi)"*. 
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ties, as Example 12.51 shows by exhibiting two collections of lines in P with the same intersection 
posets but where one gives an arithmetically Cohen-Macaulay (ACM) subscheme and the other 
not. The situation with star configurations (defined below in terms of their intersection posets) is 
^\j ■ very different. We will show in Proposition 12.91 that every star configuration is ACM, with so-called 

generic Hilbert function (meaning that the /i-vector coincides with the dimension of the appropri- 
ate coordinate ring until a prescribed degree and is then zero). We also note that this property 
does not characterize star configurations, since (at least in codimension two) there exist unmixed 
configurations of linear varieties with the same Hilbert functions as star configurations, which are 
C^ ' themselves not even ACM (see Remark 12. lOp . 

We then show that every symbolic power of the ideal of a star configuration of any codimension 
defines an ACM subscheme (see Theorem l3.ip . This contrasts with what we will see in Example 12 .51 
We also pose a conjecture for the primary decompositions of powers of ideals of star configurations 
and in some cases verify the conjecture (see Conjecture 14.11 and Theorem I4.8p . As an application 
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we use Theorem 14.81 to determine the resurgence p{I) of the ideal / of a positive dimensional 
star configuration (see Theorem I4.1ip . The only other exact determination of the resurgence of a 
positive dimensional subscheme which is not a cone over a 0-dimensional subscheme and for which 
the resurgence is bigger than 1 is that of [11], using a different method. 

2. Preliminaries 

We let R = k[x(), . . . ,Xn] where k is an arbitrary infinite field, and where we regard -R as a 
graded ring with the usual grading (where each variable has degree 1 and nonzero elements of k 
have degree 0). 

Definition 2.1. Let Ti = {Hi, . . . , Hg} be a collection of s > 1 distinct hyperplanes in P" corre- 
sponding to linear forms Li,. . . ,Ls. We assume that the hyperplanes meet properly, by which we 
mean that the intersection of any j of these hyperplanes is either empty or has codimension j. For 
any 1 < c < min(s,n), let 14(7^, P"') be the union of the codimension c linear varieties defined by 
all the intersections of these hyperplanes, taken c at a time: 



Vc{n,F'')= \J H,,n---nHi, 



l<ii<-<ic<s 

(When P" or 7i is clear from the context, we may write Vc or T4(P"') or Vd'H) in place of YdTi, ¥"").) 

We call Vc the codimension c skeleton associated to H or sometimes simply a codimension c star 

(I) 
configuration. We denote by Vc the subscheme of P" defined by the ideal 



Ivc ~ 11 (-^«i ' • • • ' -^i 






Note that ly is the i-th symbolic power of Iv^. 

Remark 2.2. We are most interested in the case of star configurations in P" for which s > n + 1. 
When 1 < s < n, the star is a either a linear subvariety of projective space or a projective cone 
over a star in P'*^^. But for some proofs it is convenient to allow s < n + 1. 

We now recall the following definition. 

Definition 2.3. Let Z C P" be a closed subscheme whose defining sheaf of ideals is Iz- If 

W {¥'"', Xz{d)) = for all d G Z and all < i < dimZ, we say the scheme Z is arithmetically 
Cohen- Macaulay or ACM. Note that this is equivalent to saying that the graded ring R/Iz is a 
Cohen-Macaulay ring [171 Lemma 1.2.3]. 

Definition 2.4. For a scheme V of codimension c in P" (not necessarily ACM), the h-vector of V 
(or, more precisely, of R/Iy) is the {n — c+ l)-st difference of the Hilbert function of Rjly. 

Example 2.5. Here we exhibit two subschemes of P^ consisting of linear subspaces with the same 
intersection poset, the same degree and arithmetic genus (and hence the same Hilbert polyno- 
mial), one being arithmetically Cohen-Macaulay (ACM) and the other not. In both of these cases, 
CoCqA[6] shows that the symbolic squares of the ideals define subschemes which fail to be ACM. 
This shows that the ACM property for the reduced curve does not imply it for symbolic powers. 

Let Q be the nonsingular quadric surface in P^. Recall that Q is isomorphic to P^ x P^ and hence 
has two rulings. Choose any four distinct lines Vi, V2, V3, V4 from one of the rulings and any four 
distinct lines Hi,H2,H3,H4 from the other. Let pi be the point where Hi and Vi meet, i = 1,2, 
and let g be a point on H2 not on any of the other lines. 

Consider the line L in P'^ through pi and q. Note that Q does not contain L. We now have three 
subschemes: Ci, consisting of the reduced union of Vi, . . . ,V4, Hi, H2; C2, consisting of the reduced 
union of L , V2 , V3 , V4 , -ffi , if 2 ; and C3 , consisting of the reduced union of Vi,V2,V3,Vi, Hi, H2, H^ , H/i . 
Note for any i and j that ViUHj is a hyperplane section of Q. Thus C3 is the complete intersection 
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of Q with four planes, these four being the planes determined by the pairs of intersecting lines 

(VuHi), {V2,H2), {V3,H3), {VA,Hi). 

Note that C3 is the union of Ci with the disjoint union H^ U H^^. Since, as it is easy to see, ACM 
subschemes are connected, we see that H3 U H4, is not ACM. Moreover, linked schemes are either 
both ACM or neither ACM [17]. Since Ci is hnked with ^3 U F4, we see that Ci is not ACM. 

Let X be the union of V2, V3, V4, ffi, -ff2 5 so that X U L = C2. We see that X is directly linked, 
by the complete intersection of Q and three planes, to i/3, and thus X is ACM. Also, since L meets 
Q in the two points pi,q ^ X d Q, the ideal Ix + II defines the reduced scheme {pi} U {q}. The 
latter is a complete intersection of type (1, 1,2), and Q ^ II (where by abuse of notation, Q also 
represents the quadratic form defining the quadric surface), so in fact Ix + II is saturated. Then 
from the exact sequence 

{) ^ Ic-, ^ Ix ® II ^ Ix + II ^ 0, 

sheafifying and taking cohomology it follows immediately that the first cohomology of Zcj is zero 
in all twists, so C2 is ACM. Notice that both Ci and C2 consist of 6 lines and thus have the 
same degree, and since the intersection poset of both curves is the same, then both have the same 
arithmetic genus and hence the same Hilbert polynomial. Checking computationally using CoCbA, 
we verified that the symbolic square of the ideal of neither curve is ACM. 

Recall from |16] the following result. 

Proposition 2.6. Let Iq be a saturated ideal defining a codiniension c subscheme C C P". Let 
Is C Ic be an ideal which defines an ACM subscheme S of codiniension c — 1. Let F be a form of 
degree d which is not a zerodivisor on R/Is- Consider the ideal I' = F ■ Ic + Is o.nd let C be the 
subscheme it defines. Then I' is saturated, hence equal to Ic , and there is an exact sequence 

-^ Isi-d) -^ Ici-d) els^ Ic -^ 0. 

In particular, since S is an ACM subscheme of codimension one less than C , we see that C is an 
ACM subscheme if and only if C is. Also, 

deg C = deg C7 + (deg F) ■ (deg S). 

Furthermore, as sets on S, we have C = CUHp, where Hp is the hypersurface section cut out on 
S by F . The Hilbert function he of R/Ic is hc'{t) = hs{t) — hs{t — d) + hc{t — d). 

Remark 2.7. Under rather mild assumptions, the subscheme C obtained in Proposition 12.61 can 
be linked in two steps to C via Gorenstein ideals, and it was in this context that it was introduced 
in [16]. We will not use this fact below, but it is worth noting that in the literature this construction 
is often referred to as Basic Double G-Linkage. 

As an application we use Proposition 12.61 to obtain the following result. For this we make a 
definition. 

Definition 2.8. Let / be a nonzero homogeneous ideal in the ring R. We define a(/) to be the 
least degree among degrees of nonzero elements of /. 

We recover the fact of [3, Lemma 2.4.2] that the initial degree a{lvj of ly^ (i.e., the degree of a 
non-zero homogeneous element of least degree) is s — c + 1 . We also note that in the case where 
the hyperplanes are defined by the s = n + 1 coordinate variables, Vc was known to be ACM (see 
[m Example 2.2(b)]). 

Proposition 2.9. Let Ti = {Hi, . . . ,IIs} be a collection of distinct hyperplanes in P" meeting 
properly, and let Vc = Vc{H). Then we have the following facts. 

(I) Vr is ACM. 
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(2) The h-vector of Vc, which has s — c + 1 entries, is 

-.cr).-.(::;))K''C-0'(:-:)--(::: 

Note that the last binomial coefficient occurs in degree s — c, and can also be written 

/(c-l)+(s-c)\ 

(3) degF, ^' 

(4) The initial degree of ly^ is ot{Iv^) = s — c + 1, and all of its minimal generators occur in 
this degree and are monomials in the linear forms Li defining the hyperplanes Hi . 

Proof. Notice that (3) is trivial, and we include it only for completeness. We proceed by induction 
on c and on s > c. For any c, note that if s = c then 14 is a complete intersection of linear forms, and 
parts (1) to (4) are trivial. If c = 1 and s is arbitrary, Vi is the union of s hyperplanes, and all four 
assertions are immediate. Now assume that the assertion is true for codimension c — 1 and for up 
to s — 1 hyperplanes. Let 7i' = {Hi, . . . ,Hs-i} and let T-L = 7i'[j{Hs}. By induction, Vc-iiTi') and 
Vein') are both ACM. We now apply Proposition EJ to S = Vc-iiH'), C = Vc{n'), and F = L,, 
the defining polynomial of Hs- Since VdV.) = VciV.') U H^^, where H^^ is the hyperplane section 
of Vc-i cut out by Hs, we immediately have (1). Since we have IvdH) — ^s • IVc{W) +-^V'c-i('H')' ^^'^ 
by induction minimal sets of generators of Iy('^i\ and Iy^_^{jii\ are monomials in the Li of degree 
s — c and s — c + 1, respectively, we see IvdH) is also generated by monomials in the Li, and that 
the generators all have degree s — c+ 1, which proves (4). 

It remains to prove (2). We use the Hilbert function part of Proposition 12.61 still with S = 
Vc^iin'), C = Vein'), and F = Ls. The h-vector of Vc{n') is the (n - c + l)-th difference of 
hvc{W)i while the /i-vector of Vc-iiT-L') is the {n — c + 2)-th difference of hy^_^(-i^iy Notice that 
d = 1 in this case (in the statement of Proposition 12. 6p . so the portion of the formula coming from 
hs{t) — hs{t — d) amounts to a first difference. The /i- vector of V^(?^') is 

,c + l\ fs-?,\ fs-i" 

l,c, 



ly \c-ij \c-i 

where the last entry is in degree s — c— 1, and the /i- vector of Vc-i{T-L') is 

c \ /s — 3\ /s — 2 



^'^ ^" c-2y--' Vc-2y' Vc-2 

where the last entry is in degree s — c. Thus the /i- vector of Vc is computed by 

( 1, C-1, (c-2). (c^D. ••• Z--^^ (T-l) ) 

+ ( 1, c, iitl), ... ,(r?)> (ciD ) 

from which the desired /i-vector of Vc{T-L) follows. D 

Remark 2.10. (a) The /i- vector given in Proposition 12.91 (2) is sometimes called a generic 

h-vectoi, on account of its being the /i-vector of a generic finite set of points. Note that 
the ACM property automatically implies that 14 is a so-called scheme of maximal rank, i.e. 
that the natural restriction map H^{Opn(d)) — )• H^{Ovc{d)) has maximal rank for all d. 
However, even for a scheme of the right degree, having maximal rank does not imply that 
R/IVc has generic /i- vector. For example, when s = 4 and c = 2, V2 has /i- vector (1,2,3), 
hence degree 6. However, a general set of six skew lines in P^ has maximal rank [12j but 
has /i- vector (1,2,3,4,0,-4). 
(b) Notwithstanding the comment in (a), there do exist linear configurations that are not ACM 
but nevertheless have generic /i- vectors. This is an easy consequence of the construction 
given in |19] . starting with a minimal curve consisting of two skew lines. Indeed, here we 
sketch the argument that for every codimension two generic h-vector (1, 2, 3, ... ) of degree 
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at least 6, there is a non-ACM configuration of codiniension two linear varieties with the 
given generic h-vector. We begin with curves in P^ and proceed inductively, repeatedly 
applying Proposition 12.61 Start with a curve Cq consisting of two skew lines in F'^ . Its 
/i- vector is (1, 2, —1). Let Si be a union of four planes, such that Si contains Cq. Note that 
Isi is generated by a form of degree 4 that is the product of four linear forms. Let Fi be 
a general linear form. Then Fi ■ Iqq + Isi is the saturated ideal of a union of six lines, Ci, 
with /i- vector (1,2,3). For i > 2 (but not i = 1) we obtain C, inductively from Cj_i by 
taking Si to be a union of i + 2 planes containing Cj_i, and Fi in each case to be a general 
linear form (choosing a new Fi each time), and setting 1^ = Fi ■ Id^i + ISi- Then Ci has 
/i- vector (l,2,3,...,i + 2). We then pass to the codimension two case by taking cones. 

Remark 2.11. By Proposition 12.91 (1) and (2), the artinian reduction of the homogeneous coor- 
dinate ring oi Vc is k[yi, . . . , yc]/m^~'^^^, where m = {yi, . . . ,yc)- Since m*~'^+-^ is generated by the 
maximal (i.e, r x r for r = s — c + 1) minors of the r x s matrix 

/yi 2/2 ••• vc ••• o\ 
yi y2 ■■■ Vc • ■ ■ 

VO ■■■ yi 2/2 ys ■■■ Vc) 

and has codimension (s — c+ 1 — r + 1) (s — r + 1) = c, the graded Betti numbers of the homogeneous 
coordinate ring of Vc are those given by the Eagon-Northcott resolution of the maximal minors 
of a generic matrix of size r x s [l4j. Note however, that it is well-known that powers of m all 
have linear resolution, consequently the calculation of the graded Betti numbers of the powers is 
straightforward. In particular, denoting by E^''^ the minimal free resolution of lyt-^^, we have 

s,c I -^ 1 / -^ C-\- I — L 



(2.11) rkE 



We will need the next result for the proof of Theorem 137 

(2) 

Lemma 2.12. For each c, we have ly^^^i-^x C ly i^-.. 

Proof. We have to show the inclusion Vc{l-i)^'^' C Vc-i{'H) of schemes. Since both sides are unmixed, 
it is enough to do this locally. That is, we show that every component of VdT-Lp'^' lies in Vc-iiJ-L). 
To do this, it is enough to look only at the components of Vc-i that contain the component of Vc{'H) 
in question. Now, Vc-i is a union of codimension c — 1 linear spaces and Vc is its singular locus. 
In particular, each component of Vc is the intersection of c of the hyperplanes Hi, so there pass c 
components of Vc-i through each component of Vc (take away one Hi at a time). It thus is enough 

to set Ti = {Hi, . . . , He} and prove it in this case. Now Ivc{H) — (-^ii • • • i ^c) and ly i-^) = ly c^)- 
On the other hand, let 7i' = {Hi, . . . ,Hc-i} and consider the codimension c — 1 complete 
intersection Iy^_^^y^n = [Li, . . . ,Lc-i). Thanks to Proposition 12.61 we have 

Ivc-i{U) = ^c ■ Ivc-i{W) + hc-2{W)- 
We can thus use induction on c (the low values are easy to check), and assume that Ivc-2{W) ^^ 
generated by degree two products of Li, . . . , Lc-i, and since Iy^_^{%i) is just the complete intersec- 
tion of the linear forms Li, . . . , Lc-i, we have that Iy^_^(j_Q is generated by degree two products of 
Li, . . . ,Lc- This implies the asserted inclusion and completes the proof. D 

3. Symbolic powers of ideals of star configurations 

Given the ideal / of a reduced ACM subscheme consisting of a union of linear spaces of projective 
space, it's natural to ask whether the symbolic powers of / also define ACM subschemes. They 
clearly do if the linear subspaces are points, but otherwise it is not always the case, as Example 
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shows. Thus Theorem 13.11 showing that ah of the syinbohc powers of any ideal ly^ of a star 
configuration Vc of any codimension c do define ACM subschemes, is all the more interesting. 

Theorem 3.1. Let 7i = {Hi, . . . , Hg} be hyperplanes in P" and let Vc := Vc('H) for any c. Every 
symbolic power of ly^ is ACM. Furthermore, if Li is a linear form defining the hyperplane Lii, then 
each symbolic power of Ly^ is generated by monomials in the L^. 

Proof. Say s < n. If c = s, then 14 is a linear subvariety and a complete intersection so the result 
is true. If c < s < n, choose coordinates such that the hyperplanes -ffj are defined by coordinate 
variables xi,...,Xs, and extend to a full set of coordinates xo,xi, . . . ,x„. Let A be the linear 
subvariety defined by xq = Xg+i = • • • = x„ = 0. Then A n T4 is a codimension c star in A = P'^"-^, 
and T4 is a projective cone over AnV^. In addition to the canonical surjection A;[P"] — )• k[K\, we have 
a non-canonical inclusion A; [A] = k[xi,. . . ,Xs\ C k[xQ,. . . ,3;„] = A;[P"], with respect to which we 

have Ly = L^y fc[P"] since primary decompositions extend [U Exercise 4.7(iv)]. Thus A;[P"]//y" 

is a polynomial ring over k[K\/I^y , so the result for 14 C P" follows if and only if it follows for 
A n V^ C A. Thus we may assume that s > n + 1. 

Now fix the codimension, c, so Vc is the union of P) linear varieties. First assume that s = n + 1, 
so without loss of generality we may assume that Lj = Xi for each i (modulo s, so Lg = xq). 

We claim that Ly^ is the Stanley- Reisner ideal of a simplicial complex, A, of dimension n — c that 
is the complete simplicial complex of dimension n — c on n + 1 vertices. To construct this simplicial 
complex, take for the n + 1 vertices the n + 1 coordinate points in P". For convenience of notation, 
we will label these points by pQ, . . . ,pn, and without loss of generality we will assume that the 
vertex labelled pi is the common intersection point of the hyperplanes defined hy xq, . . . ,Xi, . . . ,Xn- 

The component of Vc cut out by the hyperplanes Xj^ = 0, . . . , Xj^ =0 has dimension n — c. The 
vertices that it does not contain are precisely Xj^ , . . . , Xj^ ; that is, this component corresponds to 
the face of A which is the linear span of the vertices with the complementary labels. There are 
n + 1 — c such vertices, so A has dimension n — c. By construction, it is the complete simplicial 
complex of dimension n — c on these vertices. Thus by construction, the Stanley-Reisner ideal 
corresponding to this simplicial complex is the ideal of Vc. This completes the proof of our claim. 

Recall that a simplicial complex A is said to be pure if all of its facets have the same dimension. It 
is said to be a matroid if, for every subset W of the vertices (in our case {po, . . . ,Pn}), the restriction 
Aw = {F G A I F C W} is a pure simplicial complex. In our setting, simplicial complex A is 
clearly a matroid, since the restriction is again complete. 

If c = n, the result clearly follows since any zero-dimensional scheme is ACM. Thus we may 
assume that c < n, i.e. that our star configuration has dimension at least one. We now recall a key 
fact from [20] and [22]: 

Let A be a simplicial complex and let I a be its Stanley-Reisner ideal. Then L^' is 
Cohen- Macaulay for every i > 1 if and only if A is a matroid. 

(£) 
It follows from these results that ly is Cohen-Macaulay for every i, i.e. that the corresponding 

schemes are ACM. 

Now assume that s > n + 1. We still have Ti = {Hi, . . . , Hg}, hyperplanes in P" where Hi is the 
vanishing locus of a linear form Lj. Without loss of generality we may assume that Lg = xq,Li = 
xi,...,Ln = Xn- We still denote by Vc the codimension c star configuration in P" defined by Ti. 
Let A^ = s — 1 and consider the star configuration Wc C P'^ defined as in our first case above, with 
the variables xq, . . . , xn- 

Consider the linear forms M„+i = x^+i — L^+i, . . . , M]\f = x^ — L]\[. It is clear that for an ACM 
subscheme V of P^ meeting each of the corresponding hyperplanes, successively, in codimension 1, 
the saturated ideal of Ly is obtained by replacing Xj by Lj, for alH = n + 1, . . . , A^, since the ACM 
property and the assumption about the codimension guarantee that Mn+i, . . . , Mj\[ are a regular 
sequence. In particular, for any i > n + 1, Xi is replaced by Lj. Thus the star configuration Wc 



STAR CONFIGURATIONS IN P" 7 

and the schemes Wc defined by its symboHc powers in P yield Vc and the schemes Vc as the 
result of a sequence of hyperplane sections. Since the codimension is preserved, these hyperplane 
sections are all proper. Since we have shown that Wc are all ACM, the claimed result follows from 
the fact that the ACM property is preserved under proper hyperplane sections (see for instance 
|17j). From what we have done, the claim about the ideals is also immediate. It is also clear that 
a{I (e)) = a{I [t))] we will use this in Corollary 14.61 D 

Theorem 13. II makes no assertion about the Hilbert function or the minimal free resolution (apart 
from its length) of the symbolic powers of the ideal of a star configuration. In Theorem 13.21 only 
in the case of the symbolic square, we give a different proof of the fact that we obtain an ACM 
scheme, which allows us to describe the /i-vector (equivalently, the Hilbert function) and the graded 
Betti numbers. For the proof of the theorem, we will give an explicit construction of the symbolic 
square of ly^ for any c, in a way that makes it clear that it is ACM. Rather than squaring ly^, 
throwing away higher codimensional primary components, and trying to verify that the result is 
ACM, we take a more direct approach. We construct an ideal for which it is easy to see that it is 
ACM, and then we show that this ideal is actually the symbolic square. 

We will use Proposition 12.61 with C = Vc and S = Vc-i- We will construct an ideal Ic' with a 
special choice of F, so this gives right away that C is an ACM subscheme, since C is. Furthermore, 
we can get the minimal free resolution of Ic' from that of Ic and Is by studying a suitable mapping 
cone. We will then see that C is precisely the symbolic square of C in this case. 



Theorem 3.2. Let % = {Hi, ..., Hs} and let Vi := Vi{n) for all i. Then 



[1) The h-vector of V} is as follows 



A"-^+^W,Jt) 



\c-lJ 



ifs-c+l<t<2s-2c+l 



ift>2s-2c + l 



(2) The minimal free resolution of ly has the form 



where 



^ Fc ^ ^ Fi ^ I^^ 



Fi = E,"''(-l + c-s)® E,'lV^(-l + c - s) © E|'^ ^ 



using the notation of Remark \2.11\ In particular, 

Fi = R{-2s + 2c - 1 - i)^^» © R{-s + c-l-i)^' 
where 

f U+i) ^/^ = i; 

Mi= I 

and 

( ifi = c. 

Proof. By Lemma \TQ\ (4) applied to Vc-i, Ivc-i is entirely generated in degree s — c + 2, while ly^ 
is entirely generated in degree s — c+1. Let F € ly^ be a general element of degree s — c+ 1. Then 
F does not vanish on any component of Vc-i, i.e. it is a non-zerodivisor on R/Iy^_^. 
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As mentioned above, Vc-i is a union of codimension c — 1 linear spaces and V^ is its singular 
locus. In particular, each component of Vc is the intersection of c of the hyperplanes H^, so there 
pass c components of V^_i through each component of Vc (take away one Hi at a time). Since 
F G ly^ and F does not vanish on any component of Vc-i, the subscheme of Vc-i cut out by F 
thus has multiplicity at least c locally along each component of Vc- This accounts for a subscheme 
of degree at least c • (^) . On the other hand, a quick calculation shows 

(degF) • (deg^e-i) = {s-c+l)-('_\=c-(^^ 

We conclude that F cuts out a subscheme supported on Vc C Vc-i with multiplicity exactly c along 
each component of Vc- Consequently, thanks to Proposition l2.6|. the subscheme defined by the ideal 
F ■ Iy^ + IVc-1 is supported on Vc and has degree c + 1 along each component. 

This is the same degree and support as the scheme defined by the symbolic square of ly^ , and 

both ly and F ■ ly^ +Ivc-i ^-re unmixed (in particular, saturated). To show equality, then, we just 
have to show one inclusion. We will show 

(3.3) F./y,+Iy^_, C/g). 

First, any element of F ■ ly^ is an element of ly since F G ly^- Furthermore, by Lemma 12.121 we 

(2) 

have /^c-i C ly , so the inclusion follows, and the ideals are equal. We thus have a new proof that 

VP is ACM. 

Now we can write the Hilbert function, a minimal generating set and minimal free resolution 
using Proposition 12.61 Indeed, observe that the claimed /i- vector is actually 

Ct-T^) ift<.-c 

(c-i) if s - c + 1 < t < 2s - 2c + 1 

if t > 2s - 2c + 1 

The first two lines are immediate since (|3.3p shows that Iy^_^ and ly agree through degree {s — 
c + 1) + (s — c) = 2s — 2c + 1 (since Proposition 12.91 gives the initial degree of ly^ as s — c + 1). The 
third line comes from the fact that 

A/^"-^+^ W ,., (t) = [/.— :^ _ (t) - /i— t' {t-{s-c+ m + /.— +^t -{S-C+ 1)). 







A"-^+iV/^^_^(t) 


A"- 




A"-'^+i/i,j/7,^_^(s-c+l) 





Rn,2) y') - i"R/w _, ^'^ ~ "r/iv _/^ - ^* - ^ ^ ^^^i ^ "r/i 



Vr 



Vc 



Now, thanks to Proposition 12.91 the third term is zero in degree (s — c+l) + (s — c+1) = 2s — 2c +2. 
As for the first and second terms, they agree in degrees > (s — c+1) + (s — c+1), so their difference 
is zero in this range. 

It remains to find the minimal free resolution of ly - From Proposition 12.61 and the above 
calculations, we have the short exact sequence 

^ /y,_i (-1 + c - s) ^ lyS-l + c-s)® Iy^_, -^ /{J^ ^ 0. 
The minimal free resolutions of /v^-i Siiid of ly^ are described in Remark 12.111 and in particular 

the equation (|2.1ip . A mapping cone then gives a free resolution of ly , and since the resolutions 
of /\/c-i ^'^d of ly^ are linear, it is immediate that there is no splitting, so this is in fact a minimal 
free resolution. D 

Example 3.4. Let n = 4, s = 7 and c = 3. The /i-vectors of R/Iy2 and R/Iy^ are 

(1,2,3,4,5,6) and (1,3,6,10,15), 
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respectively. Let F G {Ivi)b- The /i-vector of R/{F,Iy^) is 

(1,3,6,10,15,20,18,15,11,6) 



so using Proposition 12.61 and Proposition 13.21 we can compute the /i- vector of R/Iy as follows: 



(2) 



1 3 6 10 15 20 18 15 11 6 
1 3 6 10 15 



1 3 6 10 15 21 21 21 21 21 

(2) 

Let us now compute the minimal free resolution of ly . As before, I. 



have a short exact sequence 



(2) 
V3 



F • /y, + ly, and we 







Iv2 (-5) -^ Iv-i (-5) e Iv2 -^ ^1 



(2) 
V3 



0. 



Now, because the artinian reduction of R/Iv2 &iid of R/Iy^ have generic Hilbert function, we know 
the graded Betti numbers. Hence we have a diagram 




















; 









i?(-12)i5 


e 





i 






i 




R{-I2f 




i?(-ll)35 


e 


R{-lf 


I 






i 




R{-iiy 




i?(-10)2i 


e 


R{-6y 


i 






; 




ivA-^) 


-)■ 


Iv,{-^) 


e 





- 

(2) 

There is no possible splitting, so the minimal free resolution of ly is 

R{-7f R{-Qf 

e -^ e -^ 1 

i?(-ll)42 i?(_10)21 



-^ R{-12) 



21 



(2) 
V3 



0. 



We now will consider the case of codimension 2. In preparation for stating our results, we define 
some matrices. Consider a set Ti of s > n hyperplanes Hi C P" meeting properly, so 1^(7^, P") 
is the union of the (2) codimension 2 linear spaces of the form Hi (1 Hj for i ^ j- Let hi be the 
linear form defining Hi. Let P = hi- ■ ■ hs, and let Pi = P/hi. Let Am^n be the mx n 0-matrix and 
S{di, . . . ,dr) the r X r diagonal matrix with diagonal entries di. Furthermore, consider the 1 x s 
matrix B, the s x s matrices C and E and the s x (s — 1) matrix D, defined as follows: 









B = ( 


-Pi - 


-P2 - 


-P3 


C = 6{hi,.. 


■ ,hs), 




D = 


(-hi 
h2 





-h2 

hs 






-hs 




\l 











h-l 








\ 












hs~ 


1 


hs 


/ 



and 



E 



-6{Pi,...,Ps). 



Finally, 
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when m = 2r is even, let A^ be the {sr + 1) x sr matrix 

/ B 

C 



A. 



E 
C 



E 



Ai^s 



A 
\As, 



s,s 
s 



A.. 



As 
As 



As 
As 



Ai,. 

As,. 
As.. 



C 

As f 



when 771 = 2r + 1 is odd, let A^ be the s{r + 1) x s{r + 1) 



( D E 

As,s-l L/ 

As s—1 As s 



As,s As 
E 
C 



AiA 

As,s 
As,s 

E 

c j 

- 1 matrix: 
Ag.s \ 



As s Ag 
As 



^s,s 

E 



As,s Ag 
Ass As 



^s,s— 1 As^s As^s As^s Ag^s ' ' ' ^ E 

\^s,s— 1 As^g Ag^g Ag^g Ag^s ■ ■ ■ Ag^s G y 

Lemma 3.5. The maximal minors of Am are {P''}, {P''-^Pl}l^-^, {P''~'^Pf}l^^, . . . ,{P^''}I^^ if 
m is even and {P^'PiJI^i, {P'^-^Pi}!^^, . . .,{^^^''+^1=1 if m is odd. 

Proof. The matrix A^ is close to being upper triangular, so the maximal minors are easy to 
compute with in some cases a few row and column swaps. We leave the details to the reader. D 

Theorem 3.6. Let Ti be a set of s > n hyperplanes Hi C P" meeting properly, where hi is the 
linear form defining Hi. Let I = ly^ty^^f^n-^, the ideal of the codimension 2 skeleton V2{'H,¥'^). The 

Hilbert-Burch matrix for I^"^' is A^ and the generators for I^"^' are as given in Lemma \3.5l 



Proof. Let J be the ideal generated by the elements listed in Lemma [3. 51 It is easy to see that they 
have no common divisor and the zero-locus is 1^(7^, P"). Thus by the Hilbert-Burch Theorem, J 
defines an ACM subscheme and the primary decomposition of J consists of ideals primary for the 
ideals of the components of 1^(7^, P"). The prime ideals corresponding to irreducible components 
of 1^(?{,P") are precisely the ideals of the form (hi, hj), i ^ j. If one localizes by inverting all hi 
with / {i,j}, it is easy to check by an explicit examination of the generators given in Lemma 13.51 
that the localization J' of the ideal J equals the localization of {hi,hj)"^. Thus J and L^"^> have 
the same primary decompositions, so J = I^"^' , which concludes the proof. D 



In the case of the codimension 2 skeleton, we now give yet another proof that the syinbolic powers 
are Cohen-Macaulay, with an eye, again, to proving more than can be concluded from Theorem 13. 11 
In fact, we will show that ideals which are "almost" symbolic powers are also Cohen-Macaulay. 

Corollary 3.7. Let Ti be a set of s > n hyperplanes Hi C P" meeting properly, where hi is a 
linear form defining Hi. Let L = Ly^^r-^^-^n-^ , the ideal of the codimension 2 skeleton V2(^,P"). For 
1 < k < s and i > 1 arbitrary, the schemes Wk defined by the saturated ideals 



l<i<j<k 



n fl {L,,LjY+^n fl {L,,Lj] 

l<:i<k<j<s k<i<j<s 



are all ACM. 



Proof. This will be a byproduct of a new proof of the Cohen-Macaulayness of the symbolic powers. 
This proof is inspired by a construction used in [18|. That paper studied tetrahedral curves, i.e. 
subschemes of P^ defined by the intersection of powers of the ideals of the six components of V2. 
The specialization of the current theorem to V2 C P^ was proved in that paper as a special case. 



STAR CONFIGURATIONS IN 



11 



Note that we have aheady shown this result for Vg and Vg • 



The idea of our proof, which 

worked also in [T2], is that we can apply an inductive argument, passing from ly to ly -^ by a 
sequence of applications of Proposition 12. 6| thus ensuring that each resulting scheme along the way 



is ACM. In particular, V2 is ACM, and we have our result. 

Recall that we have hyperplanes Hi, . . . , Hg defined by linear forms Li, . . . , Lg. We begin with 
the ideal ly . Clearly we have ^2^ ■ ■ ■ Lp''^ G /y . We first claim that we have an equality of 
saturated ideals 



Li 



4^ + (L^^ 



Li-'')= n (Li.L.Y^'n n (L^^L.Y- 



2<j<s '2<i<j<s 

To see this, note first that both ideals are automatically saturated and unmixed (the first comes 
from Proposition 12.61 and the second is an intersection of saturated, unmixed ideals of the same 
height). Hence as before, we check that they define schemes of the same degree and that there is 
an inclusion of one into the other. The first ideal defines a scheme of degree 

1' 



deg(yf; 



+ deg(Li) • deg(L 



'2 



L\ 



thanks to Proposition 



s 

2) \ 2 
The ideal on the right defines a scheme of degree 



+ (1).[(.-1)(^ + 1)] 
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+ 2 



+ 



(s-1) 



+ 1 
2 



We leave it to the reader to verify that these degrees are equal. Since the inclusion C is clear, 

the claim is established. Note that by induction we may assume that V^ is ACM, so the scheme 

defined by this new ideal is also ACM, thanks to the construction of Proposition! 

We now show that we can construct a sequence of ACM schemes 



V^'^ C VKi C 1^2 C • • • C Ws = V; 



{1+2) 

I 

by sequentially applying Proposition [221 What we have shown so far is that the scheme Wi defined 
by the ideal 

2<j<s 2<i<j<s 

is ACM and contains V2 ■ Notice that Iwj contains the element L-^^ L^ ■ ■ ■ L^^^ ■ 

We now turn to the inductive step. Suppose we have constructed the ACM scheme W^ defined 
by the saturated ideal 



-^H/fe = ( n {U,^3 



J+2 



n 



\<i<3<k 






f+1 



'(.+2 



and that this ideal contains the element L^ • • • i^ ^k+2 ' ' ' ^s • Notice that 



degP^fc 



+ {k){s-k) 



2J V 2 
We produce the ACM scheme W^+i via the ideal 

h2 



2Ti+l 

+2 

+ 2 



n 



k<i<j<s 



+ 



s — k 
2 



e + i 
2 



r^+2r£+l ^^+l^ 

^k ^k+2 '" ^s ) 



Lk+1 ■ IWk + (-^1 

Notice that thanks to Proposition 12. 6| its degree is 

degWk + ik)ii + 2) + {s-k- l){i + 1) 
To prove that this ideal is equal to 

l<i<j<k+l l<i<k+l<j<s 



J+l 



A:+l<i<j<s 
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is an elementary computation along exactly the same lines as above (although showing that the 
degrees are equal is very tedious). It is not hard to check that this ideal contains the element 
L^ • • • L^^-^L^^g • • • L^"*"^. Thus the inductive step works, and after s steps we obtain Ws = 

We remark that in the case n = 3, s = 4 (the tetrahedral curve case), the study of when the 
ideals defined by 

(X1,X2)"^ n {xi,X^r n (X1,:C4)"^ n {X2,x^r n (X2,X4)"^ n (X3,X4)"« 

define ACM subschemes of P^ was begun in [H] and completed in ^. Corollary 13.71 gives a partial 
extension to the codimension two case in P". 



4. Primary decompositions of powers of ideals of star configurations and 

applications 

In this section we consider an important special case: star configurations defined by monomial 
ideals. Such a star configuration arises from the set of s = A^ + 1 coordinate hyperplanes in P^. 
As motivation, we note that given any codimension c star configuration 14(7^, P") defined by a 
set H = {Hi, . . . ,Hs} oi s > n hyperplanes in P", we have V'c('H,P") = Vc(?^',P^) n L for an 
appropriate n-dimensional linear subspace L C P , where A^ + 1 = s and %' = {H^, . . . , H'j^} are 
the coordinate hyperplanes for P^. (In particular, define (p '■ k[F^] -^ A:[P"] by (/> : Xj i-^ -^i+i for 
< i < A^, where Xi is the ith. coordinate variable and Lj is the linear form which defines Hi. Then 
L is defined by the kernel of 0.) In fact, by Theorem 13. 11 we also have (/)(/-|7J^, p^.) = lyrL pn-, for 
all m > 1. 

We now make a conjecture on the primary decomposition of lycypn), which we will verify in 

the monomial case (i.e., for ly ,^, ^r^-.\ see Theorem 14. 8p . 

Conjecture 4.1. Let s > n and let % = {Hi, . . . , Hg} he hyperplanes Hi C P" meeting properly, 
defined by linear forms Li. Let M be the irrelevant ideal in A;[P"] and M' the irrelevant ideal in 
k[F^], where A^ + 1 = s with k[¥^] = k[xo, ...,xn] so M' = (xq, . . . , xn), and let H' be the N + 1 
coordinate hyperplanes in P . Define (j) : A;[P ] — ?> /c[P"'] by (j) : Xi i-^ ^i+i. Then 

Remark 4.2. Conjecture 14.11 is somewhat complicated so some comments may be helpful. The 
point is to give primary decompositions of Ly ,^ p„N in terms of intersections of symbolic powers. 
Of course, the symbolic powers are not primary, but they are by definition intersections of primary 
ideals; for example, LyK^^ p„N is the intersection of the lih powers of the ideals defining the various 
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linear components of V^(?^,P"'). What is true is: 
(4.3) 

c <t>{I^Zn',F-)) n '^(^g?.(«',P-)) ^ • • • ^ '^(^IS-?) n 0((M')(^-+2)') 

- /') n • • • n /(("-^+i)') n ('(if/("~^+^)') ) n • • • n dii^^^^'^^'^'^^h n (/.ffM')(^-^+2)M^ 

c /-(') n /-^^'^ n • • • n r(("-'=+i)') n /vf(^-^+2)' 

The first equahty fohows from Proposition 12.9( 4) , the second since (/> is a homomorphism and the 
third by Theorem 14.81 below. The third line (i.e., the first inclusion) holds since the image of an 
intersection is always contained in the intersection of the images (for any mapping), and the fourth 

line holds since (t){Iy i-Ji^n-) = ly f-HP") ^°^ each i by Theorem 13.11 The fifth line holds since 
(j){M') = M and since some of the terms in the intersection have been deleted. Thus the conjecture 
is that the two inclusions are equalities. 

The conjecture that the first inclusion is an equality says that (j) commutes with the intersections. 
Having equality would give a primary decomposition of ly mpn)- Note that the tail end of this 
conjectured primary decomposition, namely 

is primary for the irrelevant ideal, M. The last line of the conjecture simply asserts that this 
irrelevant component, which is not itself in general a pure power of M, can nonetheless be replaced 
by a pure power of M. 

Finally, note that the primary decompositions proposed here need not be irredundant. For ex- 
ample, when / = 1, the last line of (14. 3 p is contained in (hence equal to) /y^c^pn), hence Conjecture 
14.11 holds for 1 = 1, but obviously the primary decomposition it gives is not minimal. 

Remark 4.4. Here we note some cases where Conjecture 14.11 is known to hold. Conjecture 14.11 
holds when Z = 1, as noted at the end of Remark 14.21 It is easy to see that Conjecture 14.11 holds 
when c = 1, since /y^(-^pn) is principal and Vc{7i,F^) is a complete intersection. Conjecture 14.11 

holds when c = n, since (-f(/^(^^pn))t = (vJcH.P"))* ^°^ * - "(^\4(W,P")) = ^s - c + 1) by |3,, Lemma 
2.3.3(c), Lemma 2.4.2], and hence /(/^(^pn) = lyliUF") n M(^~^+2)'. And Conjecture O holds 
when n = A^ = s — 1, by Theorem 14.81 

So now we begin a study of monomial star configurations V^ (^',P^), where T-L' consists of the 
A^ + 1 coordinate hyperplanes. Consider A;[P^] = k[xo, . . . , xn]- Let po, . . . ,pn be the coordinate 
vertices, where Ip^ = {{xj : j ^ i}). More generally, let A = {pi-^, . . . ,pij) be the linear subspace 
spanned by the given points pi^ ; then 

Ik = {{xj :j {n,...,v}}). 
Given any monomial /i = x^° • • • x^^ , we can define its A-degree as deg^(/i) = ^jyxj^ i\ nij = 
deg(/u) — ^ gfj^ j^j rrij. Note that degy\^(^) is just the order of vanishing of /u on A (i.e., the largest 
power of I\ containing ^). Let Vc = 14(7^', P) and let / = ly^ be its ideal. It now follows from 
the definition of symbolic power that I^' is generated by all monomials /i such that degf^{p.) > I 
for all irreducible components A of Ve- 
in the next result we determine a{I^''>). This is a special case extension of the result a{I) = 
N — c + 2 given in Proposition 12.9( 4). We will use this extension in Corollarv 14.61 to extend the 
determination of a given in Proposition 12.9( 4) to symbolic powers in general. 
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Proposition 4.5. Let I he the ideal ofVc = 14(7^', P^) where Ti' consists of the A^ + 1 coordinate 
hyperplanes, and let I > 1. Define q and r by writing I = qc + r for 1 < r < c. Then a(/'") = 
{q+l){N + l)-c + r. 

Proof. Let fi = {xq ■ ■ ■ xnYxq ■ ■ ■ xn-c+t- Every component A of Vc is the span of exactly N —c+1 of 
the coordinate vertices pi. Thus <iegjy{xQ ■ ■ ■ xn) = N+l — {N—c+l) = c and degA(2;o • • • x^-c+r) > 
{N - c + r + I) - {N - c + 1) = r, so degj^{fi) > qc + r = I. Thus /i G /('), so a{l'^^^) < deg(/x) = 
{q+l){N + l)-c + r. 

To show that a{I^') > {q + 1)(-^ + 1) — c + r, it is enough to show for each monomial of 
degree {q + 1)(A^ + 1) — c + r — 1 that there is a component A of T4 on which the monomial 
has order of vanishing less than I. So let ^u = x^'^ ■ ■ ■ x'^'^ be any monomial such that deg(/i) = 
{q + ^)iN + 1)— c + r — 1 = q{N + 1) + (A^ — c + r). For some permutation iQ, . . . ,iiy of the indices 
0, . . . , N we have rui^ > rrii^ > ■ ■ ■ > ruij^. Let A = {p^^, . . . ,Pij^_J. The order of vanishing of /i on 
A is 

degA(/^) = ^iN~c+i -^ ^ ^iN = deg(^) - {rriig H h m-i^.J- 

This is largest when vtii^ + • • • + w-ijv-c ^^ least. We can replace [i with /i' = Xq ° • • • x^^ of the 
same degree such that still tti^ > • • • > w-^ but such that the exponents are as close to constant as 
possible (i.e., such that m^ — "i^ — !)■ Doing this increases the smaller exponents at the expense 
of the larger exponents, so we have degy\^(/x) < degA(//'). Since deg(/i') = q{N + 1) + (A^ — c + r) 
we see that rrii^ = q+\ for j = 0, ...,A^ — c+r — 1, while rrii. = q for j = N — c + r,. . . ,N . Thus 
degA(//) < degl(//') = deg(/u') - {rm, + • • • + mi^_J = q{N + 1) + {N-c + r)- {N-c+ l)(g+ 1) = 
qc + r -Kl. U 

More generally we have: 

Corollary 4.6. Now let 14(P"') he the codimension c skeleton for a star configuration on s > n 
hyperplanes in P" and let I he its ideal. Define q and r hy writing I = qc + r for 1 < r < c. Then 

a{l'^^'i) = {q + l)s- c + r. 

Proof. This follows from Theorem 13.11 (see also the last sentence of the proof of Theorem 13. ip and 
Proposition 14.51 D 

Proposition 4.7. Let I he the ideal ofVc = V^(?^',P^) where %' consists of the A^ + 1 coordinate 
hyperplanes, and let I > 1. Then I^^' is generated in degree at most 1{N — c + 2); more precisely, in 
any minimal set of homogeneous generators of L^^' , the degree uj{I^^') of a generator of maximum 
degree is a;(/(')) = 1{N -c + 2) = a{I^). 

Proof. First we note that a{L^) = la{I) = 1{N — c + 2). The ideal J*-^^ is generated by all monomials 
/i = x^° ■ ■ ■ x^^ such that the c smallest exponents sum to /. The maximum degree of such 
a monomial which is not divisible by another such monomial is 1{N — c + 2); take for example 
fi = (xc_i • • • x^y, and note fi is not divisible by any other monomial in this generating set. D 

We now prove Conjecture 14. II in the monomial case. 

Theorem 4.8. Let I he the ideal of Vc = T4('H',P ) where %' consists of the A^ + 1 coordinate 
hyperplanes and M' is the irrelevant ideal, and let I >1. Then 

P = /« n 4'') n • • • n /«^-^+i)') n (M')(^-^+^)'. 



Tl r- rW o 7'(20 r. o r((Af-c+l)0 



Proof. It is enough to show both the forward containment / C ly n /y n • • • fl /|/ fl 



Vc+\ VN 



(M')(^""+2)' and the reverse containment /' 2 I^yl^^vll^ ^ ' ' -^^Vn'^^^^^^ ^ (M')(^"'+2)'. More- 
over, if we show the forward containment for / = 1, then we clearly have equality for / = 1, so it 
follows for I > 1 that 

/' = (/v-^ n • • • n /g;~^+^^ n (MO^-^+^y ^ ^W ^ jgO^ ^ . . . ^ /((^^--+i)0 n (m')(^-^+2)'; 
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i.e., the forward containment for / = 1 implies the reverse containment for / = 1 and it imphes the 
forward containments for alH > 1. 

So now we verify the forward containment for / = 1. As noted in the proof of Proposition 
14.71 I is generated by ah monomials /i = x™° • • • x™^ such that the c smallest exponents sum to 
1 = 1. We also know that / is generated by monomials of degree N — c + 2. Thus exactly c — 1 
of the exponents rrii must be 0, so the other N — c + 2 must be equal to 1. I.e., / is generated 
by the square-free monomials of degree N — c + 2^ so each ^ is of the form /i = xjq • • • Xj^_^^j 
for some indices < io < " " ■ < 'i-N-c+i ^ N . Thus it is enough to show for every square-free 
monomial /i of degree N -c + 2 that /i G /(T^J^ for i = 0, . . . , iV - c + 1 and that /i G (M')^~''+^. 

Clearly we have /i G (M') "'"^, so consider fi ^ ly . . We must check that deg^(/i) > i + 1 for 
each component A of Vc+i- But A is spanned by exactly N — c — i + \ coordinate vertices, hence 
deg^(//) > deg(//) — (A^ — c — i + l)=i + l, as needed. 

We now verify the reverse inclusion. Let /i = a;™° • • • x^^ and assume 

/. G /(f) n /g^^ n . . . n /«f -^+^)') n (m')(^-^+^)' (-). 

We will show that ^ ^ I . For simplicity we demonstrate the argument only in case niQ > mi > 
• • • > TTZjv; up to a permutation of the indices, the general argument is the same. Our proof will be 
by induction on I, the case / = 1 having been established above. 

If rn-TV-c+i > I, then {xq ■ ■ ■ x^^c+iY divides /i, but xq- ■ ■ xj^-c+i G /, so /i G /'. Now assume 
rriN-c+i < I- In any case we have rn-Tv-c+i > 0, since if ttt-tv-c+i = 0, then // is not divisible by any 
square-free monomial of degree N — c + 2 and hence fJ- ^ I, but by assumption (**), /x G I^'"' Q I. 
In particular, /j, is divisible by xq • • • xjy-c+i] let /j,' = /u/(xo • • • xjy-c+i)- If we check that 

^> g j(f-i) n i^Jl;'^^ n • • • n /((;^-+i)('-i)) n ^mT-'+'^^'-'^; 

then /i' G P^^ by induction, so // = fi'xQ- ■ ■ x^-c+i ^ l\ as claimed. We will use the follow- 
ing function. Given distinct elements ji,...,jV G {0, ...,A^} and < i < A", let '^ji,...,jri^) — 
|{0, ...,t} n {ji, . . . ,jr}\. Thus, for example, i^j{t) is 1 if < j < t < A and Vjit) is if 
< t < J < A. 

We first check that /x' G (M')(^-''+^'>^^-^l Since /i G (M')(^"^+2)', we have deg(/i) > {N-c+2)l, 
so deg(/i') > (A - c + 2)Z - (A^ - c + 2) = (AT - c + 2)(l - 1), hence n' G (M'Y^-''+'^^(^-^\ 

Now we check that /i' G /|(^-^+i)('-i)). it suffices to check that deg(p,^)(/i') > (A - c + !)(/- 1) 
for each i, where po, ■ ■ ■ ,pn are the coordinate vertices. For all i we have 

deg(p^)(/x') = deg^p^^(^) -{N-c + 2-Ui{N - c+ 1)). 

If i < A — c -|- 1, then ^'i(A — c -|- 1) = 1 so using deg^p^^(/i) > (A — c + 1)/ (which we have since 
fj, G ly j we obtam 

deg(p^)(/i) - (A - c + 2 - i/i(A - c + 1)) > (A - c + 1)/ - (A - c + 1) = (A - c + 1)(/ - 1). 

If i > A^ - c + 1, then Ui{N - c -h 1) = and 

deg^p^)(;u') = deg(p^)(;u) - {N - c + 2 - Ui{N - c + 1)) 
= degiii) -mi-{N -c + 2) 

> {N - c + 2)1 - rrii - {N - c + 2) 

> {N - c + 2)l - {I - I) - {N - c + 2) 
= {N-c+l){l-l), 

where the fourth line uses the assumption that rriTv-c+i < I- 
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Now we check that ji' G ly . Let pi^ and pi^ be arbitrary distinct coordinate vertices, 

and assume ii < 22- It suffices to check that deg/^^ ^^ )(^') ^ (-^ ~ c)(/ — 1). For ah i we have 

d^g(Pn'P«2)^^') " d6g{PH.P»2)(^) - (TV - c+ 2 - J^»i,i2(iV - c+ 1)). 
If 22 < A^ — c + 1, then J^ii,J2 (-^ — c + 1) = 2 so using deg/^^ p. \ (/i) > (A^ — c)/ we have 

deg(p.„p.,>(^) - (iV - c + 2 - z.,,,,(iV -c+l))>{N- c)l - {N - c) = {N - c){l - 1). 
liii < N - c + l < i2, then J^ii,i2(iV - c + 1) = 1 so using deg^^^^ p^^^(//) = deg^p^^)(/x) - rui^ > 
{N -c+l)l-mi2>{N -c+ 1)1 -{I -I) gives 
deg^j,^^^p^^^{fi)-{N -c + 2-iyi,^i,{N -c+1)) > {N -c+l)l-{l-l)-{N -c+l) = {N -c){l-l). 

If A^ — c + 1 < ii, then Vi-^^i^{N — c + 1) = so using deg/^. p. \(/i) = deg(/x) — nii^ — rui^ > 
{N -c + 2)l- 2{l -1) = {N -c)l + 2 gives 
deg^p^^,p^^)(/i) - (AT - c + 2 - v,,,,,{N - c+l)) > {N - c)l + 2 - (N - c + 2) = {N - c){l - 1). 

Now we must check that n' S ly ^ '^ '''^ and then ^' E /y ^ '^ '''^ etc., but the argument 
follows the same pattern of checking cases depending on how many of the indices of (pj^, . . . ,Pi^) 
are less than or equal to A^ — c+ 1, and each case is verified in the same way as indicated above. D 

We can partially extend this to the non-monomial case. Given a homogeneous ideal J in a 
polynomial ring, we denote the saturation of J by sat (J), meaning the intersection of the primary 
components of J excluding the component primary to the irrelevant ideal (if there is one). 

Corollary 4.9. Let I C A;[P"] = R be the ideal of Vc = Vc(?^,P") where U consists of s > n 
hyperplanes Hi, . . . ,Hs meeting properly where M is the irrelevant ideal, and let I > 1. Then 

sat(/0 = /|^^n/(^') n...n/«"-^+^». 

V / Vc Vc+1 V„ 

Proof. Since /' C I^' Hly n • • • n/y ^ by Remark 14.21 but the latter is saturated, we at least 

have sat(l') C ly r\ ly n • • • n ly ^ . Since /' is homogeneous, the associated primes and 
their primary components are homogeneous also [23t Theorem 9, p. 153]. Thus to show equality 
it suffices to show equality after localizing for every prime ideal of the form Ip for p ^ Vc. But 
after such a localization, every hyperplane Hi not passing through p becomes a unit and hence 
I^Rip is generated by monomials in the linear forms Lj for all Hj passing through p. Say that 
these Hj are Hj^, . . . , Hj^ and pick any other n — r of the hyperplanes Hi to obtain Hj^^, . . . , Hj^. 
After a change of coordinates we may assume Hj. = Xj for i = 0, . . . , n. Let T-L' = {xq, . . . , x^}, let 
y/ = Vi{'H',F'') for ah i and let J = ly^. Clearly p e V^ C Vc and PRi^ = ,PRi^. We know the 
primary decomposition of J and hence of J Rip from Theorem 14. 8t i.e., we have 

I'Rip = fRip 

= [A] n 4'/) n ■ ■ ■ n i\^r'^^^'^ n M^^~'+^^')Rr 

^c ^c+1 n '^ 

= 4!Ripni^;iRjpn---ni{^r^'^Hjp 
= (/gn/g>...n/«:-^)'))i?,,. 

Since this holds for all p € Vc, we have 

sat(/') = 4)n/g'>...n/t-^^^«. 

as claimed. D 
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As an application we apply our results to compute the resurgence for certain subschemes. We first 
recall the definition of the resurgence [3]. The point of the resurgence is to provide an asymptotic 
measure of how far symbolic powers deviate from ordinary powers of the same ideal. This is not 
interesting in the case of an ideal / if / = (0) or / = (1), so we do not define the resurgence in 
those cases. 

Definition 4.10. Let (0) 7^ / C A;[P"'] be a homogeneous ideal. The resurgence of I, denoted p{I) 
is 



sup{^:/M2r}. 



We always have 1 < p{I) < n. (Since a(/(™'') < a(/'") = ma{I) and ra{I) = a{V 
that m < r implies a{I^"^^) < a{I^) and hence I^™) ^ I^- It follows that 1 < p{I), and by 
applying the main result of |15] we know that p{I) < n.) However, it is in general quite difficult 
to compute the resurgence exactly, and only a few cases have been done, so finding methods to 
provide exact determinations in additional cases is of substantial interest. When I is the ideal of a 
complete intersection, I^"^' = J™ for all ?n, > [23', Lemma 5, Appendix 6] so p{I) = 1. Moreover, 
p[I) = p{I') if / c A:[P"] C k[¥^] with /' = /A;[P^] [3, Proposition 2.5.1(a)], so if the resurgence is 
known for a subscheme it is known for projective cones over the subscheme. Some exact values of 
p{I) are known when / defines a 0-dimensional subscheme OUKH]. For example, if 1-i consists of 
s > N hyperplanes in P^ meeting properly, then [3] shows that 

c(g-c+l) 

S P\Wc(H,f^)) 

with equality in case c = N. Thus when s = A^ + 1 we have ^^ ^^-^ ' < p^Iy^z-^pN)) with 
p{Ivpf(H,¥^)) ~ 2A^/(A^ + 1) when c = N. We will show equality also holds when c = N — 1, giving 
p(/vv(-^ piV)) = 3(A^ — 1)/(A^ + 1). The only exact determinations up to now for subschemes which 
are not complete intersections nor are 0-dimensional nor are cones over such and for which the 
resurgence is bigger than 1 are for certain smooth unions of lines in projective space [llj. 

Theorem 4.11. Let N > 3 and let I C k[F^] be the ideal o/Vn-i = VN^i{n',¥^) where W 
consists of the A^ + 1 coordinate hyperplanes, which we denote as Hi, . . . ,ffAr_|_i. Then 

^^ ' N + l 

Moreover, given m,r >1, we have /'"^^ ^ I^ if and only if 

m ( 2A^ - 4 \ A^ - 1 

< 



r V (A^-l)r; A^+1' 
Proof. Assume A;[P ] = k[xo, . . . , xn]- Let M be the irrelevant ideal and let J = Ivj^- By Theorem 

r = /g_^ n /g;) n M^^ = /('■) n J^^O n m^\ 

Thus I*-™' fails to be contained in F if and only if either 

SO 

p{I) = max(sup{7n/r : /(™) % /W},sup{m/r : /('"^ % J^^^')}, sup{m/r : /(™) % M^'}). 

Since j'™-* ^ P''' if and only \i m < r, we have sup{m/r : j'*"^ ^ j''^-'} < 1. 

Next, I*-™' 2 J^^*") if and only if there is a monomial x™° • ■ ■ x^^ in I^^' but not in j'^^'. 
After a permutation of the indices if need be, this condition is equivalent to there being exponents 
"T-o > • • • > fT^N such that m,2 + • • • + rriTv > "m but mi + • • • + ttt-at < 2r. Let q = \m/{N — 1)J 
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and r = m — [N — l)q so m = (N — l)q + r and < r < A^ — 1. Let ttt-q = m'^ = mg, 
and if r = 0, let 7712 = • • • = m'j^ = q, while if r > 0, let 777-2 = • • • = rn'r+i = 9+1) and 
777^^2 = • • • = m'j^ = q. Note that 7772 > [(771,2 + • • • + mj\f)/{N — 1)] > \m/{N — 1)] so 7772 > 7773, 
hence 7771 > 7772 > 7773 = tti^ Then 777q > • • • > 777^ with 7775 + • • • + 777^ = (A^ — l)q + r = m 
and m'^ + • • • + 777^ = 777'^ + m'2 + • • • + 777^ = m'^ + m < mi + r?72 + • • • + rnjy < 2r. Thus 

/i' = Xq° ■ ■ -x^^ G /(™) \ J^^"^', and we have ttiq — 777^ < 1; in particular, each 777^ is either 
[r77/(A^ — 1)] or [777/(A^ — 1)J (and necessarily 7773 = [777/(A^ — 1)] and m'j^^ = \rn/{N — 1)J). The 
condition that 777^ + • • • + 777^ < 2r can now be stated as 777 + [777/(A^ — 1)] < 2r, or equivalently 
as mN/{N - 1) = 777 + 777/(iV - 1) < 2r - 1; i.e., /("") g J^^^) if and only if 

777 , 2 — - 

<(iV-l) 



r ~ ' ' N 

Thus sup{777/r : /(™) ^ j(20} < 2{N - l)/N. 

Finally, I^™) ^ M^^ if and only if a{I^'^'>) < 3r. By Proposition |131 a{l'''^^) = {q + l){N + 1 
(iV - 1) + r, where 777 = q{N - 1) + r for 1 < r < iV - 1. Note that 

{q + 1)(A^ +l)-(A^-l)+r = 777 + 2g + 2 = 7T7 + 2(777 - r)/{N -l)+2 = m + 2 + 2 — 

Thus 7T7 + 2 + 2[^J = a(/('")) < 3r holds if and only if 777 + 2 + 2^ < 3r, which simplifies to 

777 / 2A^-4\iV-l 

< 



r V [N-l)rJN+l 

Iv+T" ^^^^^'= "-"Iv+T 



The supremum of the right hand side over all values of r > 1 is 3 ^ , -, . Since 3-irn-j- is greater than 



either 1 or 2(A^ — l)/N, we see that p{I) < 3^^. To show that we actually have equality, let 
m = 3{N - 1)H and let r = {N"^ - l)t + N - 1. Then 777 + 2 + 2^ < 3r holds (it simplifies to 
(3iV-8)iV + 7>0), and 

777 3(A^-l)2t 3{N-1) 



r {N'^-l)t + N-l iV + l + i 

has supremum 3(A^ — l)/(-/V + 1), taken over all t > 1. 

We now have 

/ 3(iV-l) 2(iV - 1) X 3(JV-1) 

We close by proving that I^"^' 2 I^ if and only if 

777 / 2N -A \N -1 

— < 3 



r V [N-l)rJN+l 
From our work above we have I*-™' ^ /'' if and only if either 



777 7T7 , l,iV-l 777 / 2iV-4\A^-l 

< 1 or — < (2 ) or — < 



r r ~ r N r \ {N-l)rJN + l 

But 1 < (2 — }:)^^^ < (3 — (^Sitr ) %Tj for r > 2, so the three inequalities are subsumed by the 
last one when r > 2, while when r = 1 it is enough to note that (3 — ttt^tt) ]y+Y = 1. □ 

One of the things our results suggest is that the nice properties of star configurations generally 
may derive from the nice behavior coming from stars configurations whose ideals are monomial 
ideals. As we have seen, a codimension c star 14(P") coming from s hyperplanes in P" is, as a point 
set, the intersection with an appropriate linear space L C P^ of dimension 77 of the codimension 
c star V^(P-^) coming from the A^ + 1 coordinate hyperplanes in P^, where A^ + 1 = s. Thus it is 
reasonable to ask the following question. 
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Question 4.12. If 7^ is a set of s > n hyperplanes in P" meeting properly and Ti' is the set of 
coordinate hyperplanes in P^ for A^ = s — 1, is it true that p{Iy^(y_^f>u-)) = p{Iy^(jii^f,N-^)'! 

We do not know the answer, but we at least have P^IvcCH^f^)) — P(.Wc(H',P^))- (This is because if 
(/v^(-^/piV))(™') C (/y^(^,piv))'", then (/v^(-^^pn))(™) C (/y^(^p„))'", since by TheoremOand its proof 

we have {Iv,(n,¥")Y"^^ = ((-^K(W',p^))^™'' + '^)/^ and {Iv4H',fn)Y = {{Iv,{h,¥")Y + J)/J^ where J 
is an ideal generated by linear forms, these forms being the ones defining the linear space whose 
intersection with 14(?^',P^) gives T4(?^,P").) In addition. Theorem 14. Ill shows that Question 14. 121 
is true when c = n = N — 1 and s = n + 2: using p(Iy^(pn')) = n{s — n + l)/s [3j, we have 
/j(/y„(pn)) = n{s-n + l)/s = 3(iV - 1)/{N + 1) = pily^^^i^N)). 
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